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WE CONSIDER homomorphisms of finite groups inducing isomorphisms of low dimen- 
sional group cohomology with ZlpZ coefficients. We prove that for every such 
homomorphism the order of its kernel and the index of its image are prime to p. This 
result is used to obtain a cohomological criterion for the existence of normal 
complements in finite groups. Namely, if H is a subgroup of a finite group G and the 
restriction homomorphism H*(G : Z,)+ H*(H : Z,) is an isomorphism for all p(lHI, 
then H is a Hall subgroup of G. Moreover if G is solvable then the subgroup H has a 
normal complement in G. These results link the cohomological criteria for p-nilpo- 
tence of Tate[8] and Atiyah (cf. [7]) with the theorem on group homomorphisms 
inducing isomorphisms of cohomology stated by Evens[3]. The algebraic results are 
proved by applying topological methods, regarding the cohomology of a group as the 
singular cohomology of its classifying space. 
This work was done at the Forschungsinstitut fur Mathematik ETH Zurich. I am 
grateful to Professor Beno Eckmann for the opportunity to work there. I would like to 
thank Urs Stammbach for his interest in the problem and suggestions, Guido Mislin 
for valuable discussions and Graeme Segal whose attentive reading of the manuscript 
and comments were very helpful. 
$51. EVENS’ THEOKCM 
Let u : G’+ G be a homomorphism of finite groups. We consider group co- 
homology with coefficients in Z and Z, = ZlpZ, regarded as trivial modules over the 
group rings. Evens[3] stated a theorem saying that if the induced homomorphism 
u*:H*(G :Z)+H*(G’:Z) is an isomorphism then u is an isomorphism. In this section 
we prove a variant of Evens’ Theorem, assuming that u induces isomorphisms of 
low dimensional cohomology groups with Z,-coefficients. 
We begin with the question of the non-triviality of the restriction homomorphism. 
For a finite group G let b(G) be the maximum dimension of the irreducible complex 
representation of G. 
1.1. PROPOSITION. Let K be a subgroup of a finite group G such that the order of K 
is divisible by p. Then there exists an integer q with 0~ q S b(G) for which the 
restriction homomorphism Hzq(G : Z,) + H2q(K : Z,) is non-ttivial. 
Proof. It is enough to consider the case where K is a cyclic subgroup of order p. 
Then there exists an irreducible representation V of G whose restriction to K is 
non-trivial. Its total Chern class reduced modulo p (cf. [l]) c(V), E H*(G :Z,) 
satisfies the naturality property: 
res$z( V), = c( V(K),. 
As the restricted representation is non-trivial, c( V/K), + 1. This proves the proposi- 
tion. n 
The last proposition has the following consequence: 
1.2. COROLARY. Let u: G’+G be a group homomorphism. If the induced 
homomorphism uzq : H2q(G :Z,)+ H*‘(G’:Z,) is an epimorphism for every q s b(G’), 
then ker(u) has order prime to p. 
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Proof. It is easy to see that the restriction homomorphism Hzq(G’:Zp)+ 
Hzq(ker(u): Z,) is trivial for all q such that 0 < q S b(G’). Proposition 1.1 implies that 
the order of ker(u) is prime to p. w 
For an arbitrary finite group G let d(G) be the minimal dimension of a compact 
connected Lie group containing G. Given an ordered pair of finite groups (G’, G) let 
N(G’, G) = max(26(G’). d(G)) + 1. The next theorem gives a necessary condition for a 
group homomorphism u : G’+ G to induce an isomorphism of Z,-cohomology. 
1.3. THEOREM. If the induced homomorphisms uq: Hq(G:&)+Hq(G’:Zp) are 
isomorphisms for q s iV(G’, G), then the order of ker(u) and the index of im(u) in G 
are not divisible by p. 
Proof. From Corollary 1.2. we know that (ker(u)( is not divisible by p. For the rest 
of the proof we can assume that G’ is a subgroup ‘of G because the projection 
G’+ G’/ker(u) induces an isomorphism of cohomology with Z,-coefficients. 
Consider an imbedding of G into a connected, compact Lie group H such that 
dim(H)< N(G’. G). Let EH-+ BH be the universal H-principal bundle. Let 
fi: H/G’+ H/G be the projection induced by the inclusion u : G’+ G. We have the 





EN x HHIG’- EH x J.,HIG 
By the assumption of the theorem u induces isomorphisms of the cohomology groups 
of the total spaces of the fibrations P and ?r’ in dimensions <N(G’, G). The base BH 
is simply-connected, hence by the Zeeman Comparison Theorem [ 101 the map of fibres 
u’ : H/G’+ H/G induces an isomorphism of Z,-cohomology. The map P is a covering 
of compact connected orientable manifolds, therefore its degree is equal to the index 
(G : G’). This implies that ((G : G’), p) = 1. a 
1.4. Remark. For p = 2 an analogous theorem holds also for homomorphisms 
u : G’+ G of compact Lie groups inducing isomorphisms of the Zz-cohomology of the 
classifying spaces. It states that ker(u) is then a finite group of odd order and the 
index (G: im(u)) is finite and odd. A similar theorem is true also for odd primes 
provided that the actions of G’ and G on their identity components preserve the 
orientations. The proofs are the same as the given one. 
The following straightforward corollary of Theorem 1.3. implies Evens’ Theorem 
(PI, P. 237). 
1.5. COROLLARY. If uq : Hq(G :Z)+ Hq(G’:Z) is an isomorphism for q s N(G’, G) 
then u is an isomorphism. w 
Let n(G’, G) be the smallest integer such that if uq:Hq(G:Z)+Hq(G’:Z) is an 
isomorphism for q s n(G’ G) then u is an isomorphism. A theorem of Stallings and 
independently Stammbach (cf. [S] Ch. VI, Thm. 9.1) implies that if G’ and G are 
nilpotent then n(G’, G) = 3. The last corollary shows that n(G’, G) c N(G’, G). It 
would be interesting to find a better approximation to n(G’. G) in other than nilpotent 
cases. 
It is also interesting to see that the theorem for complex representation rings 
corresponding to Evens’ Theorem holds. Its proof is very easy. 
1.6. PROPOSITION. Let u : G’+ G be a homomorphism of finite groups inducing an 
isomorphism u*: R(G)+ R(G’) of the complex representation rings. Then u is an 
isomorphism. 
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Proof. The homomorphism u is a monomorphism because it induces an isomor- 
phism of spaces of class functions.. Assume G ‘C-G. Then the Frobenius reciprocit:! 
theorem implies that the induction homomorphism ind: R(G’)+ R(G) is an isomor- 
phism. Therefore the representation ind(1) is invertible in R(G) and thus dim ind(1) = 
(G:G’)= 1. l 
The above proposition as well as Evens’ Theorem were proved for nilpotent groups 
by Weiss [9]. 
$2. A COHOMOLOGICAL CRITERION FOR THE EXISTENCE OF A NORMAL COMPJZMENT 
Let H be a subgroup of a finite group G. Recall that one says that H has a normal 
complement if the inclusion homomorphism HC-*G has a left inverse G + H. If H is 
a Hall subgroup (i.e. (/HI, (G : H)) = 1) and H has a normal complement in G then the 
restriction homomorphism H*(G :Z,)+ H*(H :Z,) is clearly an isomorphism for 
every p 1 IHI. The converse theorem providing a criterion for existence of normal 
complements is considered in this section. 
Cohomological criteria for existence of normal complements of Sylow subgroups 
were found by Tate and Atiyah. Tate’s Theorem[8] asserts that for a p-Sylow 
subgroup G,b G the restriction homomorphism H’(G : Z,)+ H ‘(G, ;Z,) is an 
isomorphism if and only if G is p-nilpotent. On the other hand Atiyah (cf. [7]) proved 
that if the restriction homomorphism H*(G : Z,)+ H*(G, : Z,) is an isomorphism in 
large dimensions then G is p-nilpotent. Our theorems generalize these results. The 
following theorem which is the consequence of Theorem 1.3 is the first step towards 
the proof of our criterion for existence of a normal complement. 
2.1. THEOREM. Let H be a subgroup of G such that resq : Hq(G : Z,,)+ Hq(H : Z,) is 
anisomorphismforeoeryp 1 IHI andq <d(G)+ 1. Then Hisa HallsubgroupofG. n 
Following the arguments of Atiyah (cf. [7] p. 362) we can make the next step. 
2.2. THEOREM. Let H be a Hall subgroup of G such that resq: Hq(G :Z,)+ 
H4(H :Z,) is an isomorphism for every prime p 1 IHI and all suficiently large q. Then 
every two elements of H which are conjugate in G and have prime power order are 
conjugate in H. 
Proof. The main technical tool of the proof is the Atiyah spectral sequence[l] 
relating cohomology of a group to its completed complex representation ring. For a 
given group G let 1, = ker{dim:R(G)+Z}, and R(G)* denote the completion of the 
complex representation ring with respect to the IG-adic topology. Let us consider the 
homomorphism of the Atiyah spectral sequences induced by the inclusion HC+G: 
H1(G) = H*(G :Z) . . . . . . E(G) = GR(G)- 
4 J 
ET(H) = H*(H : Z) . . . . . . E(H) = GR(H)^ 
Cohomology groups of a finite group are finite and therefore both spectral sequences 
split into direct sums of their p-primary components. By the assumption the restric- 
tion homomorphism of Ez-terms is an isomorphism on the p-primary parts for pItHI in 
all large dimensions. It follows that coker {GR(G)‘+ CR(H)*} is finite. As the 
topology defined by the filtration coincides with the augmentation topology we obtain 
that coker {R(G)^+R(H)^} is finite. Let G, C G be a p-Sylow subgroup. The image 
of the restriction homomorphism R(G)+R(G,) is then a free abelian group of rank 
equal to the number of conjugacy classes of p-elements of G. The image of the 
completed restriction homomorphism R(G)- +R(G,)* is a free module over the 
p-adic integers 2, because for p-groups the augmentation topology coincides with 
p-adic topology (cf. [2], Part III, Prop. 1.1) and the ZGp-adic topology of R(G,) is the 
same as its ZG-adic topology (cf. [l] Thm. 6.1). The rank over 2, of im {R(G)* + 
R(G,)^} is the same as the rank over Z of im{R(G)+R(G,)}. For p(IHI we may 
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assume that G, is a subgroup of H and from the commutativity of the diagram 
R(G)- - R(H)- 
L r/ 
R(G,)- 
we infer that numbers of conjugacy classes of p-elements of H and G are equal. W 
We need the following purely group-theoretical criterion for the existence of normal 
complements of Hall subgroups in solvable groups. 
2.3. THEOREM. Suppose that H is a Hall subgroup of a solvable group G satisfying 
the following condition: 
(*) Every two elements of H which are conjugate in G and have prime power order 
are conjugate in H. 
Then H has a normal complement in G. 
Criteria for the existence of normal complements of Hall subgroups were found by 
Brauer and Friesen but on the stronger assumption that condition (*) is satisfied for all 
elements of H. The proof outlined below is taken from Friesen’s paper[4] and slightly 
modified to work on the weaker assumption. 
Proof of Theorem 2.3. We prove the theorem by induction on the order of G. Let 
G be a minima1 counterexample. The proof is broken into steps. 
(i) Extending the Sylow system of H to the Sylow system of G we obtain that the 
index (G : H) is a power of a prime q. From now on we assume that (G : H) = qa and 
that Q is a q-Sylow subgroup of G. 
(ii) Let QI be a maxima1 normal q-subgroup of G. Then the quotient pair 
fi = HQ’/Q’C--, G/Q’ = 6 satisfies the assumption of the theorem. This _follows 
easily from the condition (*) for H C G and the fact that the order of a coset h E g is 
the order of h E H. Thus from now on we may assume that Q’ = 1 and that any 
minimal normal subgroup of G is contained in H. 
(iii) Let A be any normal subgroup of G contained in H. We prove that the 
assumption of the theorem is satisfied by the pair fi = H/A%G/A = 6. Let KE fi 
be a p-element. We have to show that for an arbitrary R E G there exists an element 
h’E H such that K8 = ih’. Let us consider the decomposition of h, h = h,h, into 
commutative product of its p-unipotent and p-regular parts. It is easy to see that 
h, E A and therefore i = & in G. As h, is a p-element there exists h’ E H such that 
hPg = hPh’ and consequently Kg = h -h’. As G is a minimal counterexample we obtain that 
for a non-trivial subgroup A, ti has a normal complement in d and therefore QA is a 
normal subgroup of G. 
(iv) Suppose that A C H C G is a minima1 normal subgroup of G. Let us consider 
H-conjugacy classes of elements of A. Since A is a p-group the inner action of Q 
preserves these conjugacy classes and has a fixed point in every class. Hence 
CA(Q) # 1. As AQ Q G it is easy to see that C,,(Q) Q G and consequently C,(Q) = A, 
which implies that AQ = A x Q. Thus Q is normal in G, which contradicts the 
assumption that G is a minimal counterexample. n 
Combining the last two theorems we obtain the generalization of Atiyah’s theorem. 
2.4. COROLLARY. Let H be a Hall subgroup of a solvable group G such that 
resq: Hq(G :ZP)-+ Hq(H :Z,) is an isomorphism for every prime pllHl and all 
suficiently large q. Then H has a normal complement in G. n 
Let us note that condition (*) of Theorem 2.3 is not sufficient for a Hall subgroup 
to have a normal complement. A counterexample is provided by the symmetric group 
S5 and its Hall subgroup &. Moreover, for p = 2, 3 we have an isomorphism 
H*(S,:Z,) L H*(S,:Z,) (cf. [6]) and therefore the last corollary fails without the 
solvability assumption. 
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Summarizing our results we obtain the following theorem: 
2.5. THEOREM. Let H be a subgroup of a solvable group G. The restriction 
homomorphism Hq(G :Z,)+ Hq(H :Z,) is an isomorphism for every pllHl and 
q d d(G) + 1 if and only if H is a Hall subgroup and H has a normal complement in G. 
Proof. The same arguments as in the proof of Theorem 1.3 show that the 
restriction homomorphism Hq(G :Z,)+ Hq(H :Z,) is an isomorphism for all q and 
pItHI. Now the theorem follows from Theorem 2.1 and the last corollary. H 
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